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Abstract : 

In this paper, we mainly consider the existence of infinitely many homoclinic solutions for a class of 
subquadratic second-order Hamiltonian systems u — L{t)u + Wu(t,u) = 0, where L{t) is not necessarily 
positive definite and the growth rate of potential function W can be in (1,3/2). Using the variant fountain 
theorem, we obtain the existence of infinitely many homoclinic solutions for the second-order Hamiltonian 
systems. 
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1 Introduction and main results 

The aim of this paper is to study the following second-order Hamiltonian systems 

il — L{t)u+ Wu(t,u) = 0, VtsK (HS) 

where u = (ui,it 2 ,... ,un) S W € (^^(K x and L S (^(IR,is a symmetric matrix-valued 

function. We usually say that a solution u of (HS) is homoclinic (to 0) if m G (^^(IR, R'^), u{t) —>■ 0 and 
iiif) 0 as t ^ ±oo. Furthermore, if m ^ 0, then u is called nontrivial. 

In the applied sciences, Hamiltonian systems can be used in many practical problems regarding gas dy¬ 
namics, fluid mechanics and celestial mechanics. It is clear that the existence of homoclinic solutions is one 
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of the most important problems in the theory of Hamiltonian systems. Recently, more and more mathe¬ 
maticians have paid their attention to the existence and multiplicity of homoclinic orbits for Hamiltonian 
systems, see [1-21]. 

For the case of that Lit) and W(t, x) are either independent of t or periodic in t, there have been several 
excellent results, see [IHSlITieillHIS]- More precisely, in the paper m, Rabinowitz has proved the existence 
of homoclinic orbits as a limit of 2fcT-periodic solutions of (HS). Later, using the same method, several 
results for general Hamiltonian systems were obtained by Izydorek and Janczewska [8], Lv et al. |12) . 

If L{t) and W{t,x) are not periodic with respect to t, it will become more difficult to consider the 
existence of homoclinic orbits for (HS). This problem is quite different from the case mentioned above, due 
to the lack of compactness of the Sobolev embedding. In [HI, Rabinowitz and Tanaka investigated system 
(HS) without periodicity, both for L and W. Specifically, they assumed that the smallest eigenvalue of L{t) 
tends to -l-oo as jfj —?> oo, and showed that system (HS) admits a homoclinic orbit by using a variant of 
the Mountain Pass theorem without the Palais-Smale condition. Inspired by the work of Rabinowitz and 
Tanaka HZ], many results [niiniiiiiiiiiisiiiiiiniiii] were obtained for the case of aperiodicity. Most of 
them were presented under the following condition that L{t) is positive definite for all t S K., 

{L{t)u, It) > 0, V t € R and u £ R^\{0}. 

Motivated by [iiinj, in this article we will study the existence of infinitely many homoclinic solutions for 
(HS), where L{t) is not necessarily positive definite for alH € M and the growth rate of potential function 
W can be in (1,3/2). The main tool is the variant fountain theorem established in [ZZj. Our main results 
are the following theorems. 

Theorem 1.1. Assume that L and W satisfy the following conditions: 

(LI) There exists an a < 1 such that 

l(t)\t\°‘~'^ oo as |<| ^ oo 


where lit) := inf iLit)u,u) is the smallest eigenvalue of Lit); 

|ti|=i,ueR" 

(L2) There exist constants a > 0 and f > 0 such that 

(i) L £ C^(R,M.^^^) and \L (f)M| < d\L{t)u\, V |f| > f and u £ , or 

(ii) L £ (^^(R, R^^^) and [fL (t) — dL{t))u, u) < 0, V |f| > r and u £ R^ , 


where L (t) = {d/dt)L{t) and L (t) = {d'^/df^)L{t); 

(W) W{t,u) = a{t)\u\'^ where a : R —R^ is a continuous function such that a £ L^(R,R), 1 < v < 2 is a 
constant, 2 < g, < v and 


3 - 2 ^’ 

oo. 


I <v < 


- <v <2 
2 - 


Then (HS) possesses infinitely many homoclinic solutions. 
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Remark 1.2. When we choose v G (1, |), it is easy to see that W satisfies the condition (W) of Theorem 
1.1 but does not satisfy the corresponding conditions in lillD]. Furthermore, the constant /i can be change 
in [2,D]. 

2 Preliminaries 

In this section, for the purpose of readability and making this paper self-contained, we will show the 
variational setting for (HS), which can be found in [6l[20]. In what follows, we will always assume that L{t) 
satisfies (LI). Let A be the selfadjoint extension of the operator —{(P/dt^) + L{t) with domain Sl{A) C 
= L^(R, R^). Let us write {E{X) : —oo < A < -boo} and |^| for the spectral resolution and the absolute 
value of A respectively, and denote by \A\^/‘^ the square root of |.4|. Define U = I — E{0) — E{—0). Then 
U commutes with A, \A\ and and A = U\A\ is the polar decomposition of A (see [3]). We write 

E = and introduce the following inner product on E 

{u,v)o = (|.4p/^u, \A\^^^v) 2 + iu,v)2 


and norm 


|u||o = (u,M)y^. 


Here, (•, •)2 denotes the usual L^-inner product. Therefore, E is a Hilbert space. Since C“(R, R^) is dense 
in E, it is obvious that E is continuous embedded in iL^(R,R^) (see [B]). Furthermore, we have the following 
lemmas by [^. 


Lemma 2.1. If L satisfies (LI), then E is compactly embedded in = LP(R, R^) for all 1 < p € (2/(3 — 
a), oo]. 


Lemma 2.2. Let L satisfies (LI) and (L2), then S>{A) is continuously embedded in IF^’^(R,R^), and 
consequently, we have 


|u(t)| —>■ 0 and |■u(^)| —>-0 as |t| —>■ oo, V u G ^{A). 

From [B], combining (LI) and Lemma 2.1, we can prove that A possesses a compact resolvent. Conse¬ 
quently, the spectrum a{A) consists of eigenvalues, which can be arranged as Ai < A 2 <••■—>• oo (counted 
with multiplicity), and the corresponding system of eigenfunctions {e„ : n G Nj, Acn = A„e„, which forms 
an orthogonal basis in Lf'. Next, we define 

n~ = #{j|Ai < 0}, = #{i|Ai = 0}, n = n~ -\- 

and 

E~ = spanjei, • • • , e„-}, E'^ = span{e„-+i, • • • , e^} = Ker.4, E^ = spanje^i+i, • • • }. 
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Here, the closure is taken in E with respect to the norm || ■ ||o. Then 

E = E- ®E°®E+. 

Furthermore, we define on E the following inner product 

{u,v) = {\A\^/‘^u,\A\^^^ v )2 + (u°,u°) 2 , 

and norm 

\\ur = {u,u) = \\\A\^/Ml + \\uY2, 

where u = u~ + + u~^ and v = v~ + € E~ 0 0 E^. It is clear that the norms || • ||o and || ■ || 

are equivalent by [6]. From now on, we will take {E, || • ||) instead of {E, || • ||o) as the working space without 
loss of generality. 

Remark 2.3. We note that the decomposition E = E~ 01?° 0 E~^ is also orthogonal with respect to inner 
products (•, •) and (•, •) 2 - Moreover, we will denote hy E = E~ 0 £1° 0 E^ the orthogonal decomposition 
with respect to the inner products (•, •) unless otherwise stated. 

Remark 2.4. Since the norms || • ||o and || • || are equivalent, by Lemma 2.1, for any 1 < p € (2/(3 — a), oo], 
there exists a constant /3p > 0 such that 

||m||p </Spllull, VuGE, (2.1) 

where ||m||p denotes the usual norm of and /3p is independent of u. 

Let 

0{u, v) = {\A\^/^Uu,\A\^'^v), Vu,vGE 

be the quadratic form associated with A, where U is the polar decomposition of A. Given any u G ^{A) 
and V G E, we can get 

0{u,v) = I {{u,v) + {L{t)u,v)) dt. (2.2) 

Jr 

Note that ^{A) is dense in E, we have (2.2) holds for all u,v G E. Furthermore, by definition, it follows 
that 


0{u, v) = {{P'^ — P )m, v) = — 


1|2 


(2.3) 


for all M = u + u'^ + u~^ G E, where P^ : E — >■ E^ are the respective orthogonal projections. 
Combining (2.2) and (2.3), we define the functional $ on £1 by 


‘^(^) = ■^ [ (||m|P + (L(t)M, u)) dt — f W{t,u)dt 
4 ^ Jr 


(2.4) 




where'I'(u) =/jjVF(t,u)dt =/jja(t)|M|'^dt for all u = It + + u'^ G E = E 0£1°©£1+. 
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Remark 2.5. From (W) with Lemma 2.1, we can easily see that $ and dt are well defined. We will consider 
two cases as follows. 

Case (i) If 2 < /i < oo, then 


Id/HI = 


< 


W{t, u)dt 




a{t)\u\'^ dt 

^ \un‘'dt 


= ll«IUI|w|l./x* <oo 


where - + ^ = 1, i^n* > 1. 

/i ' /i* T r' — 

Case (ii) If /r = oo, then |d>(M)| < ||a||oo||u||y < oo. 


Lemma 2.6. Let (LI), (L2) and (W) hold. Then dt G C^(if, M) and : if —>■ E* is compact, and 
consequently £ C'^(if,]R). Moreover, 

'^'[u)v= j {Wu{t,u),u) dt = j (^i/a{t)\u\^~^u,v) dt (2-5) 

^'{u)v = — {u~ ,v~) — 'ii'{u)v 

^ ^ _ _ f (2-6) 

= [u'^,v~^) - {u ,v ) - f (Wu{t,u),v)dt 

Jr 

for all u = u~ + + u'^ and v = v~ + + v'^ £ E~ 0 E^ © E'^. Moreover, all critical points of ^ on E 

are homoclinic solutions of (HS) satisfying u(t) —> 0 and u{t) —>■ 0 as |i| oo. 


Proof. We first show that (2.5) holds by definition. If 2 < /r < oo, then 1 < p,* < 2, where ^ ^ = 1- For 

any given u,v G E, by the Mean Value Theorem and the Holder inequality, we have 


[W{t,u + n) — W{t,u) — (Wu{t,u),v)] dt 


(Wu{t, u + 9v) — Wu{t, u), v)d9 

- - 3 

<2v j |a(t)|(|'u| + |n|)'' ^\v\dt 
<2y / laimiur^ + \vr^)\v\dt 


dt 


\uf(—^)\v\t^‘dt 

\vr*’'dt 


< 2u yj \a{t)\^dt 

+2i/ \a{t)\^dt 

< 2j^||a||;_, (^J \u\'^dt 

= 2 j"||a||;.||M|| 2 “^|k||_+ 2z/||a||;,||?;| 

< 2iyP 2 ^* ||a||/i||u|| 2 ”^||w|| + 2i//3|(.^,||a||^||z;||'' -3 0, as -3 0 in if 


2ii* 

Ini dt 


2+yi —pL*u 

27?^ 


I fL V 


2z/||a||^||n 




(2.7) 
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^ second inequality holds by the fact that if 0 < p < 1, then (|a| + |6|)P < lair’d-|6 |p, 

V a, 6 S K. If /X = oo, then similar to the proof of (2.7), we can obtain 


\W{t, u + v) — W(t, u) — (lI4i(t, u),v)] dt 

s. 

<2Hiaiu(ii«ii:i3-' + ikii:;o-') [ wt 

K 

<2H|a||oo/3^-iA(hr-i 


( 2 . 8 ) 


Iiur-MIMI 


0 , 


as w —0 in i? 


where the last inequality holds by (2.1) and /3oo,/3i are constants there. Combining (2.7) and (2.8), (2.5) 
holds immediately by the definition of Frechet derivatives. Consequently, (2.6) also holds due to the definition 
of $. 

Next, we verify that 'i' : E ^ E* is compact. Let Un uo (weakly) in E, by Lemma 2.1, we have 
Un —>■ Uo in for all 1 < p £ (2/(3 — a), oo]. If 2 < /r < oo, using the Holder inequality, we can obtain 

||^''(u„) - ^''(mo)||£;* = sup ||(^''(m„) - 4''(uo))u|| 


lhll=i 

= sup 
lhll=i 

< sup 
lhll=i 


</3m* 


(Wu(t,u„) - Wu(t,uo),v)dt 

lWu(t,Un) -Wu(t,Uo)l'"dt j llwll^. 


(2.9) 


\Wu{t,Un) - Wu{t,Uo)\>^dt 


V n £ N 


where the last inequality holds by (2.1) and /3* is the constant there, i + ^ = 1. Next, we will prove that 
Wu{t,Un) —>■ Wu{t,uo) in L^(]R,R^). Observing that Un is bounded in then by the Jensen inequality, 
we have 

[ \Wuit,Un) -Wuit,Uo)\^dt 


/ \aitTi\un\'^+ \uondt 

»/IR 

<2'^-v / Kt)r(iiu„ii(^ + iiuoii;(o)di 
Jr 

< / \a{t)\i^dt 

Jr 


where M = 2max{||ito||((3, ||ura||((o !^ € N}- Combining the fact that 
Dominated Convergence Theorem, 


Uq in L°° and the Lebesgue’s 


\Wuit,u„) - Wuit,uo)\>^dt 


0 , 


as 


n ^ oo. 


Next, we will deal with the case of /i = oo (i.e. > |), this part is mainly motivated by the proof of Lemma 

2 in [14]. By the Holder inequality, we have 


|4''(m„) - 4''(mo)||£;* < sup 
lhll=i 


\Wu{t,Un) -Wuit,Uo)\'^dt] ||u||2 


< /32 / \Wu{t,Un) -Wu{t,Uo)fdt 


( 2 . 10 ) 


Vn£N 
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We note that by Lemma 2.1, —>■ ug in for > |, passing to a subsequence if necessary, it can be 

assumed that 

OO 

^ \\Un - Wo||2(i.-l) < +CX), 


which implies that 


Since > |, then 




n—1 


[ \Wu{t,Un) -Wu{t,Uo)\'^dt 

Jk 

< / 2j.2|a(t)|2(|«„|2(-i) + |uo|2(-i))rft 

J« 


Applying the Lebesgue’s Dominated Convergence Theorem, we have 


\Wu{t,Un) — Wu{t,uo)\^dt\ —)• 0, as n —>■ oo. 


Consequently, d'' is weakly continuous, and so 'k' is continuous. Therefore 'k € C^{E,M.) and hence $ S 
C^(A,K). Moreover, dl' is compact due to the weak continuity of dl' and the fact that A is a Hilbert Space. 

Finally, we will prove that all critical points of $ on A are homoclinic solutions of (HS). By the standard 
procedure, we can see that any critical points of $ on A satisfy (HS) and u € K.^). We note that if 

1 < < |, then 2 < g < For /z = 2, by (HS), we have 


||Am ||2 = / \Wu{t,u)\'^dt 

R 

[ \a{t)\^dt 
Jr 

/ |a(t)rdt<oo. 

Jr 


In the case of 2 < ^ < then 


\\Au\\l = / \Wuit,u)\'^dt 


< 


\a{t)\^^dt 




, 2|| ||2(i^-l) 

< ^ Il«ll2^(.-1) 


/R 

\a{t)\^dt 




a 


{t)\^dt ) < oo. 


( 2 . 11 ) 


( 2 . 12 ) 
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where ^ + 4 = 1 and 2/l(z/ — 1) > 1 because of /i < • If | < 2, combining the fact that 2{v — 1) > 1 

and Holder inequality, similar to the proof of (2.11) and (2.12), we can get the same result. Consequently, 
u £ ^(A) and hence u is a homoclinic solution of (HS) by Lemma 2.2. The proof is complete. □ 

In the next argument, the following variant fountain theorem will be used to prove our main results. Let 
i? be a Banach space with the norm || • || and E = dimX^ < oo for any j £ N. We write 

bfc = 0^=1 Aj and Zk = 0j=fc Xj. The C^-functional ■ E is given by 

^xiu) ■■= A{u) - XB{u), A £[1,2]. 

Theorem 2.7. ([22, Theorem2.2.]) Assume that the functional <1>a defined above satisfies 
(FI) $A maps bounded sets to bounded sets uniformly for A £ [1,2]. Furthermore, $a(~u) = $a(w) for all 
(A,u) £ [1,2] xL;; 

(F2) B(u) > 0; B{u) oo as ||m|| oo on any finite dimensional subspace of E; 

(F3) There exist Pk > fk > 0 such that 

afc(A) := inf ^\{u) > 0 > bk{X) := max $a('u), VA£[1,2] 

uGZfc,||ix||=Pfc tiGYfc,||'u||=rfc 

and 

rffc(A) := inf ‘I*a('«) —^0 as k ^ oo uniformly for A £ [1,2]. 

u^Zk,\\u\\<pk 

Then there exist A„ —>■ 1, ua„ £ W such that 

^'\jY„iuxJ = 0, ^x„iuxj ^ Ck € [dki2),bk{l)] as n ^ oo. 

In particular, if {ua„} has a convergent subsequence for every k, then $i has infinitely many nontrivial 
critical points {uk} £ I?\{0} satisfying $i(ufc) —?> 0“ as k ^ oo. 

In order to make use of Theorem 2.7, we consider the functionals A, B and $a on the working space 
defined E = ^(|Al|^/^) by 

^(w) = ■^llw+jP, B{u) = l-\\u~\\'^ + f W{t,u)dt, (2.13) 

^ ^ JR 

and 

$a(w) = ^(w) - AB(m) = i||u+f - A + j W(t,u)dt^ (2.14) 

for ail u = u~ + + u'^ G E and A £ [1,2]. By Lemma 2.6, it is clear that $a £ C'^(i?,]R) for all A £ [1,2]. 

Let Xj := Rcj =span{ej}, j £ N, where {ej,j £ N} is the system of eigenfunctions and the orthogonal basis 
in below Lemma 2.2. Furthermore, it is evident that = $, where 4) is the functional defined in (2.4). 





3 Proof of theorems 


Lemma 3.1. Let (LI), (L2) and (WJ hold, then B{u) > 0. Moreover, B{u) oo as ||m|| oo on any 
finite dimensional subspace of E. 

Proof. By definitions of the functional B and (W), B{u) > 0 holds obviously. Next we will prove that 
B{u) —>■ oo as ||u|| —>■ oo on any finite dimensional subspace of E. First we claim that for any finite 
dimensional subspace F C E, there exists e > 0 such that 

TOeasjt € R : a(t)|'u(t)|‘^ > £||m||‘^} > e, \/u€F\{0}. (3.1) 

The proof of (3.1) is very similar as that of [TH]. We omit it here. Now, let 

fl„ = {tGR:a(t)|u(t)r>£||Mr}, \/u€F\{0}, (3.2) 

where e is given in (3.1). From (3.1), we can obtain that 

meas{Llu) > £, V u € F\{0}, (3.3) 

Combining (W) and (3.3), for all u £ F"\{0}, we can see that 

+ f W{t,u)dt 

2 Jw 

> / a{t)\u{f)\''dt 

> £||u||^meas(n„) > £^||m||‘". 

This implies B(u) —>• oo as ||u|| —> oo on any finite dimensional subspace of E. If /r = oo, similar to 
of 2 < ^ < oo, by the standard procedure, we can prove that there exists £i > 0 such that 

measjf £ M : a(t)|M(t)|^ > £i||m||‘^} > £i, V u £ F\{0}. (3.5) 


(3.4) 

the case 


Therefore, by (3.4), we can conclude that B(u) —>■ oo as ||it|| —> oo on any finite dimensional subspace of E. 
The proof is complete. □ 


Lemma 3.2. Under the conditions in Theorem 1.1, then there exists a sequence pfc —>■ O’*" as k ^ oo such 
that 


and 


afc(A) := inf 4 )a(u) > 0, V A £ [1, 2], fc > n + 1, 

iieZfc,||tt||=Pfc 


dfe(A) := inf 4 >a(m) —0 as k ^ oo uniformly for A £ [1,2]. 

u^Zk,\\u\\<pk 


where Zk = ® Z.j for all fc £ N. 
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Proof. By the definition of n below the Lemma 2.2, we can know that Zk C E'^ for all fc > n+1. Therefore, 
for all fc > h + 1, from (W) and (2.14), it follows that 

^a(w) =- A / W{t,u)dt 

>h\u\\^-2 [ Wit,u)dt (3.6) 

= i||Mf-2 [ a{t)\u\‘'dt, V(A,w)G[l,2]xZfc. 

^ JR 

If 2 < /r < oo, let r]k := sup where h + ^ By Lemma 2.1, we can conclude that rjk ^ 0 

ueZk,\\u\\ = l 

as fc —> oo. Therefore, combining (3.6) with (W), we have 

^x{u) >\\\uf - 2\\aU\u\\'^^.^ >\\Wf - 2r7fc1|a|UI|u|r, V {\u) G [1,2] x (3.7) 

Let pk '■= ( 8 ? 7 fc the rest of proof is very similar as that of [18]. We omit it here. For the case 

oi pL = oo, similar to the above procedure, the same result can be obtained. We omit it here. The proof is 

complete. □ 

Lemma 3.3. Assume that (LI), (L2) and (W) hold, then for the sequenee {pk}ken obtained in Lemma 3.2, 
there exists a sequence such that pk > rk > 0 for V fc G N and 


bk{\) := max $a(m) < 0, VAg[1 ,2]. 

«eyfc.||'u||=rfc 


(3.8) 


where Yk = Xj = span{ei ,..., e^} for V fc G N. 

Proof. For V fc G N, it is clear that Yk is a finite dimensional subspace of E. Therefore, for V A G [1,2], 
from (W), (3.2), (3.3) and (3.5), let Eq = min{e,Ei}, we have 


^a(w) = ^ 
1 

< - 
- 2 
1 

< - 

- 2 
1 

< - 


< - 
- 2 


,+ l|2 


-A(-||u- 


W{t,u)dt 


|m||^ — J W{t,u)dt 

a{t)\u\‘'dt 


uf- 


- eo||M|rmeas(llu) 


U -En M 


V w G Yfc,/c G N. 

For V fc G N, we choose 0 < rk < min{pfc,EQ“’"}. From (3.9), an easy computation shows that 

„2 

6 fc(A) := max <!>>(«)< —-;y < 0, V fc G N. 

ue:Yk,\\u\\=rk 2 

The proof is complete. 


(3.9) 


□ 
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Next we will present the proof of our main result. 


Proof of Theorem 1.1. Combining Remark 2.5 and (2.14), it is clear that the condition (FI) in Theorem 
2.7 holds obviously. By Lemma 3.1, 3.2 and 3.3, we can easily see that conditions (F2) and (F3) in Theorem 
2.7 hold for all fc > h. + 1. Consequently, from Theorem 2.7, for all fc > n + 1, there exist A„ —>■ 1, G 
such that 

^A„li"r.('«A„) = 0, 4 >a„(ma„)C fe e [(i/c(2),6fc(l)] as n->■ oo. (3.10) 

In what follows, the fist step is to show that {rtA„} is bounded in E. For the case of 2 < /r < oo, since 
= 0; by (2.6) and (2.14), we have 

= II^A„r “[ {Wuit,ux„),u1^Jdt = 0. (3-11) 

Therefore, using (W) and the Holder inequality, it follows that 


,+ l|2 


IP = A„ / {Wuit,uxJ,u'^J dt 

JR 


< 2 

< 2 
< 2 i.|| 


|a(i)||wA„r ^\ut\dt 


i{t)\^dt 


|ma„| dt 


\ux, 

u-1 




a 


= 2H|at||«Ajir'lK 
<Mi||a||J|nAjr 


|y+ 


2 + M 

2fi* 


(3.12) 


2fJ:* 


for some Mi > 0, where = Ij ^ the last inequality holds because of (2.1). Furthermore, 

combing (2.6) with (3.10) and the Holder inequality, we have 


-4>a„(ma„) = 2^A„|yn(wA„)wA„ -^a„(ma„) 

7/ / 

'dt 


= V (1 - jja{t)\\ux 

>iA„(l-^) [ Kt)|K„+<rdt-A„(l-^) [ |a(t)|K| 

^ ^ Jr ^ Jr 


dt 


(3.13) 




,0 \\v 


-A„(l- 


,+ \\t' 


\ fl u 


where the last inequality holds by the fact that dim(i?“ © i?°) < oo and (3.1). Note that 1 < ij < 2, then 
(3.12) and (3.13) implies that {||ma^||} is bounded. Next, we just have to show that {||ma^ + Ua„||} is also 
bounded. Consequently, from (3.13) and (2.1), we get 


Wux^+ulS < -M2^xAuxJ + M4utX,, < -M2^xAuxJ + M4utX (3.14) 

for some positive constants M 2 , M 3 and M 4 . Notice that {Hwlp 11} is bounded, by (3.10), we can conclude that 
{II“a„ +“a„ 11} i® bounded. Therefore, there exists M 5 > 0 such that ||ua„ |P = ||ma^ |P + ||ua^ +“a„ IP — 
M 5 , i.e. {ma„} is bounded in E. 
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Finally, we prove that {ma„} has a strong convergent subsequence in E. The proof of this assertion can 
be accomplished as that of [TH]- We omit it here. 

Now by the last conclusion of Theorem 2.7, we obtain that $ = $1 has infinitely many nontrivial critical 
points. Consequently, (HS) possesses infinitely many homoclinic solutions by Lemma 2.6. The proof of 
Theorem 1.1 is complete. □ 

Remark 3.4. In this paper, we have considered the existence of inhnitely many homoclinic solutions for a 
class of subquadratic second-order Hamiltonian systems, where 1 < < | is allowed. We view this result 

as merely one first step in the theory for the case of 1 < < |, there are still many problems to pursue. 

For example, when 1 < z/ < |, the upper bound of n whether can be 00 , what we will discuss in the future 
study. 
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